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In [1], the authors obtained two lemmas as follows.
(•) (Lemma 3.8 of [1]) Let α > 1 or, α < 0, and G be a graph in U k

2m,m

such that R0
α(G) is as large as possible, then for each vi ∈ S, we have T (vi ) ∼=

T 0
(
ni ,

ni
2

)
or, T (vi ) ∼= T 0

(
ni ,

ni −1
2

)
. Moreover, if T (vi ) ∼= T 0

(
ni ,

ni
2

)
, then

d(vi ) − 2 = �
(
T 0

(
ni ,

ni
2

))
; if T (vi ) ∼= T 0

(
ni ,

ni −1
2

)
, then vi is one pendent vertex

of T 0
(

ni ,
ni −1

2

)
which is adjacent to the maximum-degree vertex of T 0

(
ni ,

ni −1
2

)
.

(�) (Lemma 3.10 of [1]) Let 0 < α < 1 and G be a graph in U k
2m,m such that R0

α(G)

is as small as possible, then for each vi ∈ S, we have T (vi ) ∼= T 0
(
ni ,

ni
2

)
or, T (vi ) ∼=

T 0
(

ni ,
ni −1

2

)
. Moreover, if T (vi ) ∼= T 0

(
ni ,

ni
2

)
, then d(vi ) − 2 = �

(
T 0

(
ni ,

ni
2

))
;

if T (vi ) ∼= T 0
(

ni ,
ni −1

2

)
, then vi is one pendent vertex of T 0

(
ni ,

ni −1
2

)
which is

adjacent to the maximum-degree vertex of T 0
(

ni ,
ni −1

2

)
.
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Fig. 1 Graphs G and G∗

In fact, without loss of generality, let S = {v1, v2, . . . , vm, vm+1, . . . , v|S|} such that
n1 (respectively, n2, n3, . . . , nm) is odd and nm+1 (respectively, nm+2, nm+3, . . . , n|S|)
is even. If the claim in (•) (respectively, (�)) is true, then graph G depicted
in Fig. 1 is the conjugated unicyclic graph with maximal (respectively, mini-
mal) R0

α-value when α > 1 or, α < 0 (respectively, 0 ≤ α < 1), where T (vi ) ∼=
T 0(ni ,

ni −1
2 ), i = 1, 2, . . . , m and T (v j ) ∼= T 0(n j ,

n j
2 ), j = m + 1, m + 2, . . . , |S|.

Let G∗ be the conjugated n-vertex unicyclic graph obtained from G by replacing
T (vi ) by T ∗(vi ), i = 1, 2, . . . , m, where T ∗(vi ) ∼= T 0(ni ,

ni +1
2 ); see Fig. 1. Hence,

�(T ∗(vi )) = �(T (vi ))−1, i = 1, 2, . . . , m. By the definition of zeroth-order general
Randić index, we have

R0
α(G) − R0

α(G∗) =
m∑

i=1

[
3α + (�(T (vi )))

α
] −

m∑

i=1

[
2α + (�(T ∗(vi )))

α
]

=
m∑

i=1

[
3α − 2α + (�(T (vi )))

α − (�(T ∗(vi )))
α
]

=
m∑

i=1

[
α

(
ξα−1

i − ηα−1
i

)]
,

where 2 < ξi < 3 ≤ �(T ∗(vi )) < ηi < �(T (vi )), i = 1, 2, . . . , m. Therefore, when
α > 1 or, α < 0, we obtain R0

α(G) < R0
α(G∗), a contradiction; when 0 < α < 1, we

have R0
α(G) > R0

α(G∗), a contradiction. Therefore, both (•) and (�) are false.
Based on (•) and (�), the author obtained the following three main results in [1]

(Thereby, all of them are not correct).

(�) (Theorem 3.14 (i) and (iii) of [1]). Suppose G ∈ U k
2m,m, and α > 2, we have

the following:

(i) If 2m = k + 2, then R0
α(G) ≤ 2 + (k − 2)2α + 3α with equality holding if and

only if G � (Ck, vi ) �� (P3, vi ).
(iii) If 2m ≥ k + 3 and k is even, then R0

α(G) ≤ (m − k
2 ) + (m + k

2 − 2)2α +
3α + (m + 1 − k

2 )α with equality if and only if G ∼= (Ck, vi ) �� (T 0(2m −
k + 1, 2m−k

2 ), vi ). Moreover, d(vi ) = 3 and u is the maximum-degree vertex of
(T 0(2m − k + 1, 2m−k

2 ), vi ) where u = N (vi ) − {vi−1, vi+1}.
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(�) (Theorem 3.15 (ii) of [1]). Suppose G ∈ U k
2m,m, and α > 1 or α < 0. If

|V (T (vi ))| ≥ 3 for each vi ∈ S, then

(ii) If k is even, then R0
α(G) ≤ (m − k

2 ) + (m + k
2 − 2)2α + 3α + (m + 1 − k

2 )α with
equality if and only if G ∼= (Ck, vi ) �� (T 0(2m − k + 1, 2m−k

2 ), vi ). Moreover,
d(vi ) = 3 and u is the maximum-degree vertex of (T 0(2m − k + 1, 2m−k

2 ), vi )

where u = N (vi ) − {vi−1, vi+1}.
(◦) (Theorem 3.16 (ii) of [1]). Suppose G is a graph in U k

2m,m and 0 < α < 1. If
|V (T (vi ))| ≥ 3 for each vi ∈ S, then

(ii) when k is even, R0
α(G) ≥ (

m − k
2

) + (
m + k

2 − 2
)

2α + 3α + (
m + 1 − k

2

)α
with

equality if and only if G ∼= (Ck, vi ) �� (
T 0

(
2m − k + 1, 2m−k

2

)
, vi

)
. Moreover,

d(vi ) = 3 and u is the maximum-degree vertex of (T 0
(
2m − k + 1, 2m−k

2

)
, vi )

where u = N (vi ) − {vi−1, vi+1}.
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